In this paper, a higher-order numerical method for time-dependent singularly perturbed problems is constructed on the Shishkin mesh. The method consists of Crank-Nicolson method for the time discretization and a hybrid difference scheme that combines the midpoint upwind difference scheme on the coarse mesh and the central difference scheme on the fine mesh for the spatial discretization. We prove that the method is uniformly convergent with respect to the singular perturbation parameter, having order near two in space and order two in time. Finally, numerical results support the convergence behavior.
Introduction
Consider the singularly perturbed initial-boundary value problem Under these conditions and some corner compatibility conditions, the problem (1) has a unique solution In this paper, we construct a fully discrete scheme to solve (1), using the Crank-Nicolson method to discretize in time and the hybrid difference on the Shishkin mesh in space. Furthermore, we establish the important discrete maximum principle and obtain the uniform higher-order convergence. Finally, the convergence behaviors are confirmed by numerical experiments.
Throughout the paper, C is a generic positive constant, dependent of the perturbation parameter  and mesh parameters N and M , the norm (sometimes subscripted) is the maximum norm.
with a boundary layer at 1 x  (see [1] , [2] ). Time-dependent problems arise in various fields of engineering and science, for example elasticity, fluid dynamics, hydrodynamics, etc. Many authors have discussed fitted mesh finite difference methods to solve these problems (see [1] - [11] ).
The Fully Discrete Scheme and Its Uniform Higher-Order Convergence

Mesh Generation in Time and Space
The time interval [0, ] T is divided into M equal subintervals as , 0,1,..., . 
Fully Discrete Scheme
Consider using the Crank-Nicolson method for the time discretization and the hybrid difference scheme that combines the midpoint upwind difference scheme on the coarse mesh and the central difference scheme on the fine mesh for the spatial discretization: ( ), 0 / 2, 0 ,
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Proof. The solution ( , ) u x t of (1) and the solution j i U of (3) can be split into the smooth component and the layer component, respectively: ( , ) ( , ) ( , ), u x t v x t w x t  and . 
Numerical Results
The numerical results of the fully discrete scheme (3) 
where the exact solution is
The numerical results of (3) for Problem 1 in time and space are shown in Tables 1 and 2, respectively.   on the Bakhvalov-Shishkin mesh in Fig. 1 (a) and Fig. 1 (b) . The convergence orders in space for both schemes are shown in Fig. 2 (a) and Fig. 2 (b) .
where the exact solution is Tables 3 and 4 . Tables 1 and 3 show that the numerical results of the scheme (3) in time is second-order convergent and Tables 2 and 4 show that the numerical results of the scheme (3) in space is second-order convergent on the coarse part and almost second-order on the fine part, which verify Theorem 2.4. And the tables and figures demonstrate the higher-order convergence and the effectiveness of the proposed scheme (3).
